Abstract * We use Euler systems to prove the Gras conjecture for groups generated by Stark units in global function fields. The techniques applied here are classical and go back to Thaine, Kolyvagin and Rubin. We obtain our Euler systems from the torsion points of sign-normalized Drinfel'd modules.
Introduction
Let k be a global function field of characteristic a prime number ρ. Let F q , q := ρ n , be the field of constants of k. Let ∞ be a place of k and let O k be the Dedekind ring of functions f ∈ k regular outside ∞. We denote by k ∞ the completion of k at ∞. Let us also fix K ⊂ k ∞ a finite abelian extension of k, and write G for the Galois group of K/k, G := Gal(K/k). The inclusion K ⊂ k ∞ simply means that the place ∞ splits completely in K. Let O K and O × K be respectively the integral closure of O k in K and the group of units of O K . One may use Stark units to define a subgroup E K of O × K such that the factor group O × K /E K is finite (See the definition of E K in the next section). Let H ⊂ k ∞ be the maximal abelian unramified extension of k contained in k ∞ . In [5] it is proved that in case K ⊂ H we have (1) [O
where h(O K ) is the order of the ideal class group of O K . In the general case, one may obtain (a complicated formula for) the quotient [O the ideal class group of O K . Recently, in [10] , the second author used his notion of index-module to prove the following remarkable result. Let g := [K : k], then, for every nontrivial irreducible rational character Ψ of G we have
where e Ψ is the idempotent of Z[g −1 ] [G] associated to Ψ. By #X we mean the cardinality of the finite set X. The formula (2) may be considered as a weak form of the Gras conjecture for E K .
In this paper we use Euler systems to prove the Gras conjecture for E K , for every prime number p, p ∤ ρ[K : k] and every irreducible Z p -character of G, not in the set Ξ p defined as follows. If p = ρ is a prime number then we denote by µ p the group of p-th roots of unity. If p | [H : k] and µ p ⊂ K then we denote by ω the Teichmuller character giving the action of G on µ p . Let f be the order of q in (Z/p Z) × . Then F q (µ p ) = F q f and the order of ω is f . We define
Theorem 1.1. Let p be a prime number such that p ∤ ρ[K : k]. Let χ be a nontrivial irreducible Z p -character of G such that χ ∈ Ξ p . Then we have
where e χ is the idempotent of Z p [G] associated to χ.
The proof of this theorem is given at the end of the paper. The formula (3) is proved first by Keqin Feng and Fei Xu in [1] when k = F q (T ) is a rational function field in one variable, ∞ is the place associated to the unique pole of (1/T ), K = H m for some ideal
To obtain their result, Keqin Feng and Fei Xu also used the method of Euler systems.
The group E K
For each nonzero ideal m of O k , we denote by H m the maximal abelian extension of k contained in k ∞ , such that the conductor of H m /k divides m. The function field version of the abelian conjectures of Stark, proved by P. Deligne in [9] by usingétale cohomology or by D. Hayes in [3, Theorem 1.1] by using Drinfel'd modules, asserts, for any m ∈ {(0), O k }, the existence of an element ε = ε m ∈ H m , unique up to a root of unity such that (iii) We have
for all complex irreducible characters χ of Gal(H m /k).
is the L-function associated to χ, defined for the complex numbers s such that Re(s) > 1, by the Euler product
where v runs through all the places of k not dividing m. For such a place, σ v and N(v) are the Frobenius automorphism of H m /k and the order of the residue field at v respectively. Let us remark that σ ∞ = 1 and N(∞) = q d∞ .
For any finite abelian extension L of k, we denote by µ L the group of roots of unity (nonzero constants) in L, by w L the order of µ L and by Lemma 2.5] and the property (i) of ε m imply, in particular, that for any η ∈ F Hm there exists ε m (η) ∈ H m such that
Definition 2.1. Let P K be the subgroup of K × generated by µ K and by all the norms
where m is any nonzero proper ideal of O k and η is any element of F Hm . We define
The Euler system
For any finite abelian extension F of k, and any fractional ideal a of O k prime to the conductor of F/k, we denote by (a, F/k) the automorphism of F/k associated to a by the Artin map. If a ⊂ O k then we denote by N(a) the cardinality of O k /a. Let I(O k ) be the group of fractional ideals of O k and let us consider its subgroup
Then, the Artin map gives an isomorphism from
Let p be a prime number, and let
where <ā i > = 1 is the group generated by the classā i of
then we set s = 1 and
Let p = ρ be a prime number, and let M be a power of p. Let µ M be the group of M-th roots of unity. Then we define
Moreover, we denote by L the set of prime ideals ℓ of O k such that ℓ splits completely in the Galois extension K M a Lemma 3.1. For each prime ℓ ∈ L there exists a cyclic extension K(ℓ) of K of degree M, contained in the compositum K.H ℓ , unramified outside ℓ, and such that K(ℓ)/K is totally ramified at all primes above ℓ.
Proof. Let us remark that the group C := Gal(H ℓ /H) is cyclic of order (N(ℓ) − 1)/w k . Since ℓ splits completely in K M the integer M divides (N(ℓ)−1)/w k . In particular the fixed field of C M is a cyclic extension of H of degree M. Let us denote it by H(ℓ).
Let σ a i := (a i , H(ℓ)/k), for i = 1, . . . , s (remark that a i is prime to ℓ). Let D :=< σ a 1 , . . . , σ as > be the subgroup of Gal(H(ℓ)/k) generated by the automorphisms σ a i . Let E be the fixed field of D. Let P be the p-part of Gal(H/k) and L be the fixed field of
i . But such elements are M-th powers modulo ℓ for ℓ ∈ L, which implies that (
properties stated in the lemma.
Let S be the set of squarefree ideals of
If g is an ideal of O k then we denote by S(g) the set of ideals a ∈ S that are prime to g. Following Rubin we define an Euler system to be a function
We use the theory of sign-normalized Drinfel'd modules, developped by D. Hayes in [3] , to produce Euler systems. Let Ω k be the completion of the algebraic closure of k ∞ . Then Ω k is algebraically closed. We briefly recall the definition of the Drinfel'd module Φ Γ ,
be the left twisted polynomial ring in the Frobenius endomorphism
, is the F q -algebra homomorphism such that the image of x is the unique element Φ
Here, by e Γ (z) we mean the infinite product
The infinite product e Γ (z) converges uniformly on any bounded subset of Ω k . We thus obtain a surjective F q -linear entire function of Ω k , periodic with Γ as a group of periods.
where P (Γ, Γ ′ ; t) is the polynomial
Proof. Since Γ and Γ ′ are finitely generated O k -submodules of Ω k , of rank one there exist α, α ′ ∈ k × and fractional ideals a and a ′ of k such that Γ = αa and
which is necessarily finite. The other assertion of the theorem corresponds to [4, Theorem 8.7] .
It is easy to check the following equality
Proof. The identity (10) is an immediate consequence of (8).
Let us set
Proof. We have to apply (8) to the lattice
we obtain e Γ (xz) = xP (Γ, x −1 Γ; e Γ (z)). Comparing with (7) gives us the formula for
), thanks to (10) . This proves that our left ideal is generated by P (Γ, a −1 Γ; t).
−→ Ω k be the map which associates to a polynomial in F its constant term. Then
Proof. This is immediate from the explicite description of Φ Γ x and Φ Γ a given by Lemma 3.5 and Proposition 3.6.
Let k(∞) = F q d∞ be the field of constants of k ∞ and let sgn be a sign-function of k ∞ (fixed throughout this article), that is a continuous group homomorphism sgn : Then, we may deduce from above the following Lemma 3.12. We have
for any nonzero ideal a of O k .
Proof. By (13), (8) and (9) we obtain ξ(a −1 m)e a −1 m (1) = D(Φm a )P (m, a −1m ; λ m ). Now use Proposition 3.6 and (11) to conclude.
In the sequel we shall use the field k m := H * e (λ m ). As proved in [3, §4] Proof. Let Γ := ξ(mq)mq, Φ := Φ Γ and ξ := ξ(mq). Let X be a complete set of representatives modulo mq of the kernel of the natural map
We may choose X so that sgn(x) = 1 for all x ∈ X. By [3, formula (4.8)] we see that Gal(k mq /k m ) is equal to the set {(xO k , k mq /k), x ∈ X}. Since λ mq = e Γ (ξ) and Φ x = Φ xO k if sgn(x) = 1, the theorem 4.12 of [3] and the above formula (7) give
Suppose for the moment that q|m. Then, the set Y := {ξt, 1 − t ∈ X} is a complete system of representatives of q −1 Γ/Γ. This allows us to deduce
where the last equality is a direct application of (8) and (11) . But, on one hand, it is obvious that e q −1 Γ (ξ) = ξe m (1) and on the other hand ξD(Φ q ) = ξ(m) by (13). Thus we proved the norm formula when q|m.
Let us now assume that q ∤ m. Let t 0 ∈ m be such that t 0 ≡ 1 modulo q, then, the set Z := {ξt 0 } ∪ {ξt, 1 − t ∈ X} give a complete system of representatives of q −1 Γ/Γ.
Therefore (8) implies
Thus we have
, This completes the proof of the lemma.
Lemma 3.15. Assume q ∤ m. Then,
where σ m := (m, k q /k) is the automorphism of k q /k associated to m by the Artin map.
Proof. let us keep the notation of the proof of Lemma 3.14. Then, an easy computation based on (17) gives
On the other hand, (12) and (13) give ξ(t
The last equality is a special case of (14). By Proof. In view of the discussion above we only have to check the corollary for the roots of unity in K. But this is obvious.
The Gras conjecture
If ℓ ∈ L then we denote by σ ℓ a generator of the cyclic group G ℓ := Gal(K(ℓ)/K). Further, we set
Let a ∈ S and let G a := Gal(K(a)/K). Then G a ≃ ℓ|a G ℓ . Moreover, the inertia group of ℓ in G a is Gal(K(a)/K(a/ℓ)), which we shall identify with G ℓ .
Let us now define Y to be the free multiplicative Z[G a ]-module generated by the symbols x(b), b|a, and we denote by Z its submodule generated by the relations
, for all b ∈ S and all ℓ ∈ L such that bℓ|a. 
Moreover, if we set D b := ℓ|b D ℓ then, for all b|a and all σ ∈ G a , x(b)
Proof. The proof is exactly the same as for [7 
Proof. The existence of κ α is deduced from the above lemma 4.1 by applying the theorem 90 of Hilbert. We refer the reader to [7, Proposition 2.2] .
To go further we need to understand the prime factorization of κ α (a), for a ∈ S(g). To this end we adopt the following notation of Rubin, cf. [7, §2] . Let I = ⊕ λ Zλ be the group of fractional ideals of O K written additively. If ℓ is a prime ideal of O k then we write 
which associates to z the sum ⊕ λ|ℓ z λ such that the image of
Proof. We first prove the existence of ϕ ℓ . Let λ ′ be a prime ideal of O K(ℓ) above ℓ.
Let v λ ′ be the normalized valuation of K(ℓ) defined by λ ′ , and let π ∈ λ ′ − (λ ′ ) 2 . Then
M is well defined, does not depend on π and, in fact, has exact order M. Thus, the isomorphism O K /ℓO K ≃ ⊕ λ|ℓ O K /λ allows us to define a G-equivariant isomorphism
such that the image of an element x := ⊕ λ|ℓ (x λ ) e λ isφ ℓ (x) := ⊕ λ|ℓ e λ λ. It is clear that the map ϕ ℓ := −φ ℓ satisfies (23). The unicity of ϕ ℓ follows from the fact that ψ ℓ and the map
ℓ have the same kernel, that is the set of elements
we also denote by ϕ ℓ .
Lemma 4.4. For any Euler system α : S(g) −→ k × ∞ , and any a ∈ S(g), such that a = 1
Proof. The proof is exactly the same as in [7, Proposition 2.4 ].
In the sequel, if p is a prime number such that p ∤ [K : k], χ a nontrivial irreducible Z p -character of G, and Π is a Z p [G]-module then we define Π χ := e χ Π. If Π is a Z[G]-module then we define Π χ := e χ (Z p ⊗ Z Π). Before proving Theorem 1.1 we first need to prove the analoguous of [8, Theorem 4] and [7, Theorem 3.1] . For this we set
Lemma 4.5. Let p be a prime number such that p ∤ ρ[K : k] and let M be a power of p. Then the natural map
it is annihilated by [K : k] − s(G), where s(G) := σ, σ ∈ G. Furthermore, the kernel of the natural map g :
Proof. Let F q r (resp. F q r ′ ) be the field of constants of K (resp. K M ). Then K M = KF q r ′ and K M is a cyclic extension of K, with Galois group canonically isomorphic to Gal(F q r ′ /F q r ). Since
In this case it is easy to check that
M is naturally isomorphic to 
Proof. The group G acts trivially on Gal(
By Kummer theory we deduce from the inclusion
V is a subgroup of the multiplicative group < a 1 , . . . , a s >⊂ k × . But recall that K M and H χ are abelian over K. In particular, if x ∈ V 1/M and τ ∈ Gal(E/K M ) we have
Gal(E/K M ) via ω. This implies that Gal(E/K M ) = 1 because this group is isomorphic to Gal(H χ ∩K ′ /K) on which G acts via χ = ω. The proof of the lemma is now complete.
Theorem 4.7. Suppose p is a prime number such that p ∤ ρ[K : k] and let M be a power of p. Let χ be a nontrivial irreducible
Let m be the order of
β, H the abelian extension of K corresponding to A, and
there are infinitely many prime ideals λ of O K such that:
(i) the projection of the class of λ in A is c,
Proof. We follow [7, Theorem 3 
deduce from Lemma 4.5 that the Galois group of the Kummer extension thanks to (24). Now, by the definition of t i+1 , the fractional ideal of O K generated by κ(a i+1 ) χ is a t i+1 -th power. Thus, we must have t i+1 |t i . Actually, we can say more. Indeed, there exist ζ ∈ µ K and z ∈ K × such that κ(a i+1 ) χ = ζz t i+1 . Therefore, (24) and (27) 
Proof of Theorem 1.1. Let the hypotheses and notation be as in Theorem 1.1. Let Ψ be the irreducible rational character of G such that χ|Ψ. The formula (2) may be written as follows
where χ ′ runs over the irreducible Z p -characters of G such that χ ′ |Ψ. Moreover, the formula (25) is satisfied for such characters χ ′ since χ ∈ Ξ p . This implies (3).
